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Statement of the Problem 
A large number of empirical studies concerning the demand 
function for money have been conducted by both academic and govern-
ment economists during the period of the 1950's and 1960 1 s. The most 
important issue in these studies is the identification and measurement 
of a stable demand function for money. The knowledge of a stable 
demand function for money is indispensable for a better understanding 
of behavior in the monetary sector as well .as in other sectors of the 
economy. For example, a stable demand function for money would 
permit the consequences of shifting the supply funcbon of money to be 
more easily and accurately predicted. Harry G. Johnson, in his 
survey of monetary theory, has suggested that the variables on which 
the demand for money depends and the stability of the demand function 
for money are among the most urgent issues in the study of monetary 
I 
economics. 
In recent years, econometricians have introduced a number of 
ingenious models utilizing distributed lags, e.g., Friedman's 
1 
H. G. Johnson, 11 Monetary Theory and Policy, 11 The American 
Economic:;: Review, 52 (June 1962 ), p. 351. 
2 
permanent income hypothesis, 2 Cagan's adaptive expectation model3 
and Nerlove I s partial adjustment model. 4 But most of the estimations 
of the demand function for money were made largely on the basis of 
statistical convenience. Little consideration was given to the problems 
of inconsistency and inefficiency which may arise from the application 
of the method of ordinary least squares, 
2Friedman constructs the permanent income Qypothesis in which 
the expected value of current measured income (Y~') is revised over 
time at a rate that is proportional to the difference1between expected 
and actual income 
dY* 
TT = '3 [y* (T) - y,~{T)] 
p 
0<'3<l. 
He then reduces this differential equation to a simpler form as 
y*(T) = '3 IT i<t-T)Y*(t)dt. 
p -co 
This hypothesis implies that permanent income is a function of all past 
actual income with an exponentially declining distributed lag. 
3cagan suggests a geometrically distributed lag form in his 
adaptive expectation model. According to his hypothesis, the expected 
price (P>~) is revised in proportion to the error associated with the 
previous level of expected prices 
* * :l:: 
pt = '3(Pt-l - pt-1) - p~-1' O < '3 < l. 
By repeating the substitution process indefinitely, Cagan derives a 
general equation of the form 
co . 
l 
~ '3(l-'3) pt .. 
i= 1 -l 
* p = 
t 
4Nerlove formulates the partial adjusJment model in which the 
desired value of the dependent variable (Y~') depends on the current 
value of the independent variable: 
y:< = a + '3 xt 
and assumes that the adjustment of the actual value Yt t0ward the 
desfred value Yt is not an instantaneous process, ,:put is only a fraction 
1 - X. of the difference between the de sired value Y t and the previous 
actual value Yt-1 
Yt- Yt-l = (1-X.)(Y;- Yt_ 1), 0 < X. < 1 
thus 
Yt = a(l -X.) + '3(1-X.)Xt+ X. Yt-l · 
... 
3 
A few examples can be cited from the literature of monetary 
economics. By applying ordinary least squares regression to United 
States time series, Meltzer in his "The Demand for Money; the 
Evidence from Time Series, 11 indicates that he has found some results 
on several critical issues in monetary theory and policy. 5 However, 
the Durbin-Watson statistics from the regression show that the time 
seri~s used by Meltzer are autocorrelated. This implies that Meltzer 
is likely to obtain a serious underestimate of sampling variances even 
if the estimates of parameters are unbiased. 6 
Teigen, in his "Demand and Supply Function for Money in the 
United States; Some Structural Estimates, 11 treates the money supply 
as an endogenous variable and uses two-stage least squares to derive 
the conclusion that the variables - -the product of the interest rate and 
national income and national income alone- -in the demand function for 
money give the best results during the post-war period. 7 However, 
his estimation procedure with simultaneous equations largely ignores 
problems of lagged adjustment and serial correlation. 
8 A study of the demand for money is also done by Chow. In his 
5 A.H. Meltzer, "The Demand for Money: The Evidence from 
the Time Series, 11 The Journal of Political Economy, 71 (June 1963 ), 
pp. 2 19 - 24 6. 
6T. J. Courchene and H. T. Shapiro, 11 The Demand for Money: 
A Note from the Time .Series, 11 The Journal of Political Economy, 72 
(October 1964), pp. 498-503. 
7 R. L, Teigen, 11Demand and Supply Functions for Money in the 
United States: Structural Estimates, 11 Econometrica 32 (October 1964), 
pp. 476-509. 
8 
G. C. Chow, "On the Long-Run and Short-Run Demand for 
Money, 11 The Journal of Political Economy, 74(April 1966), 
pp. lll-13f:-°" 
4 
"On the Long-Run and Short-Run Demand for Money," he considers 
the question of lagged dependent variables, by contrasting both per-
manent income and wealth with current income. He finds that 
permanent income is more important in the long-run demand for money, 
and current income is more important in the short-run demand for 
money. But, again, Chow. pays little attention to the statistical 
problems of autoregressive errors. 
In his "The Demand for Money: Speed of Adjustment, Interest 
Rate and Wealth, 11 de Leeuw employs an alternative estimation tech-
nique in an attempt to deal with the problems of serial correlation and 
lagged adjustment. 9 His analysis is based on three-pass least squares 
(3-PLS). By using 3-PLS, de Leeuw produces strong evidence 
supporting the hypothesis that there exists a substantial lag in the 
adjustment of money holdings to changes in long-run desired holdings. 
However, the most crucial problem is that the ordinary least squares 
estimate is inconsistent, and this leads to the second pass estimate 
being inconsistent which in turn leads to the inconsistent 3 -PLS 
estimate of the speed of adjustment. lO 
Thus, it is possible to conclude that the methods used to estimate 
the demand function for money still suffer from statistical techniques 
9F. de Leeuw, "The Demand for Money: Speed of Adjustment, 
Interest Rates and Wealth, 11 Monetary Process and Policy: A 
Symposium, Edited by G. Horwich, Homewood, Illinois, Richard D. 
Irwin, Inc., 1966, pp. 167-186. 
lOK. F. Wallis, "Lagged Dependent Variables and Serially Cor-
related Errors: A Reappraisal of Three-pass Least Squares, 11 Review 
of Economics and Statistics, 49 (November 1967), pp. 555-567, 
5 
that are inadequate for solving the problems of consistency and 
efficiency. 
Motive of the Study 
The purposes of this study are (1) to introduce a distributed- lag 
model with autoregressive errors which contains two parameters (per 
capita real income and rate of interest) in.the estimation of the demand 
for money in the United States as well as in Taiwan, (2) to test the 
validity that the theoretical relationships which have been developed to 
explain monetary behavior and opinions which have been based on the 
interpretation of monetary experience in the United States are appli-
cable to the economic structure of Taiwan as well. For the purpose of 
a comprehensive comparison among the various models, five least 
squares regressions are also performed. There are (1) Two Lag 
Model with Autoregressive Errors, (2) Two Lag Model with Independent 
Errors, (3) Static Model with Autoregressive Errors, (4) First 
Difference Model with Independent Errorl[l and (5) Static Model with 
Independent Errors. There are discussed in the third chapter. 
Sources, of Data and Definitions 
In this study, the money, the price index, population and. interest 
rate data are taken from International Financial Statistics and income 
data from the United Nation I s Year Book of National Account Sta tis-
tics. 11 However, the short-term interest rate and the long-term 
11 For the purpose of better comparison of the monetary phenom-
ena between the United, States and Taiwan, most of the statistical data 
are taken from these United Nations 1' publications. 
interest rate are taken from the Federal Reserve Bulletin. The time 
period under study for the United States and Taiwan is from 1956 to 
12 
1969 for both annual and quarterly data. 
6 
Money, as shown in International Financial Statistics, is defined 
conventionally as narrow money (currency plus demand deposits). In 
the case of Taiwan, money comprises the Bank of Taiwan I s monetary 
liabilities to the private sector, demand deposits with commercial 
banks plus post offices demand deposits. Money, in the case of the 
United States, covers the total of the public I s holdings of currency and 
demand deposits in the banks. 
Quasi-money (time deposits), in the case of Taiwan, comprises 
the private sector time deposits with the Bank of Taiwan and commer-
cial banks. The time deposits series of the United States covers time 
and savings deposits at all commercial banks other than those due to 
domes~ic commercial banks and the United States government. In this 
study, both the narrow and the broad concepts of money {money plus 
quasi-money) are used respectively. 
The interest rate in Taiwan is the rate of the Central Bank of 
China (before July 1, 1961, it is called the discount rate of the Bank of 
Taiwan) on its called loans and secured advances to banks. The 
interest rate for the United States is the short-term interest rate which 
12 By using the quarterly data for the analysis, the numbers of 
degree of freedom can be increased from 14 to 56 which is expected to 
improve the results from the distributed lag model. 
7 
is the market yield on 90-day U.S. government securities. 13 However, 
the long-term interest rate which is the United States long-term bond 
yield is also tested. 
The income variable used for the United States and Taiwan is 
national income which is the sum of the income accruing to factors of 
production supplied by re sident.s of the given country before deduction 
of direct taxes. 
The price index in Taiwan (defined as cost of living in Inter-
national Financial Statistics) is a weighted average of 179 commodities 
selected without regard to the distinction between imports, exports and 
goods produced for domestic use. This price index mostly refers to 
foodstuffs, raw materials and simply processed goods in major cities. 
The price index in the United States includes all goods {goods domes -
tically produced for domestic use and for export and imported goods). 
The weights of the index attempt to avoid the multiple -counting of 
commodities at various stages of processing by assigning to raw 
materials their full value and to commodities at later stages weights 
equal only to the value added at that stage. Hence the index is 
relatively heavily weighted with primary goods and relatively lightly 
weighted with finished goods. 
Organization of the Study 
The material of this study is arranged under four chapter 
13 The best performance of the rate of interest in the estimation 
of the per capita demand for real money in the United States is obtained 
by using the market yield on 90-day U.S. government securities instead 
of using the United States long-term bond yield or the discount rate as 
a proxy variable. 
headings. In order to provide a better understanding of estimated 
demand function for money, a review of the literature concerning 
hypothetical approaches used in estimating the demand for money is 
given in Chapter II. In Chapter III, the empirical results from the 
analytical framework are presented. The final chapter consists of a 
general summary of the problem and conclusi0ns of the study. 
8 
CHAPTER II 
THE DEMAND FOR MONEY MODEL 
Introduction 
· Most economic time series tend to be serially correlated. To 
the extent that this is true, the autocorrelation in the dependent 
variables reduces the efficiency of regression estimates. In other 
words, serial correlation in the demand equation for money implies 
that the number of degrees of freedom available is far less than the 
number of observations. As a result, the necessary conditions of the 
Markov theorem of least squares cannot be satisfied and the direct 
applicatic,m of ordinary least squares to each equation would not yield 
consistent estimates. 
A considerable amount of work has been devoted to this problem. 
Various estimating techniques, which all share the property of consist-
ency, have been subsequently devised. Among these methods, two-
stage least squares, indirect least squares, and limited information 
maximum likelihood estimations are commonly used. Others include 
full information maximum likelihood estimation, unbiased k-class and 
three-pass least squares. 
For the case of a first order autoregressive process which exists 
in the disturbance term of a single structural equation, Klein has 
demonstrated that the generalized least sq~are s technique can be 
n 
1 
employed. However, he did not obtain asymptotically efficient esti-
mators. In addition, the criticism regarding the consistency of the 
estimates obtained by Klein's method has been raised by Malinvaud. 2 
10 
Liviatan has tackled this problem and suggests a procedure which will 
solve the problem of obtaining consistent estimators. 3 Liviatanls 
procedure can be interpreted in terms of Theil 1 s 11 two-stage 11 least 
squares technique. It can be also interpreted as an application of the 
"instrumental variables" technique to the problem of distributed lags 
with first order autoregressive errors. Hannan has shown that 
Livia tan I s estimator is inefficient. 4 He has proposed an application of 
the spectral analysis technique which will yield the asymptotically 
efficient estimator. Nevertheless, Hannan's estimator is essentially 
an Aitken estimator where the relevant covariance matrix used is 
consistently estimated. Finally, Wickens has shown that the limited 
information maximum likelihood method will yield a consistent and 
asymptotically efficient estimator within the single equation. 5 An 
obvious line of inquiry regarding the appropriate estimating method, 
1L. R. Klein, "The Estimation of Distributed Lags, 11 · Econo-
metrica, 26 (October, 1958), pp. 553-565. 
2E. Malinvaud, "The· Estimation of Distributed Lags: A 
Comment, 11 Econometrica, 2 9 (July, 1961), pp. 430-433. 
3N. Liviatan, 11 Consistent Estimation of Distributed Lags, 11 
International Economic Review, 9 (January, 1963), pp. 44-52. 
4 E. J. Hannan, 11 The Estimation of Relations Involving Distributed 
Lags, 11 Econometrica, 33 (January, 1965), pp. 206-224. 
5M. R. Wickens, "The Consistency and Efficiency of Generalized 
Least Squares in Simultaneous Equation Systems with Autocorrelated 
Errors, 11 Econometrica, 37 (October, 1969), pp. 651-659. 
11 
of course, would be the one which would yield the estimator with the 
properties that are consistent and efficient. 
Derivation of the Demand Function for Money 
In this study, the formulation of the model involves an extension 
6 
of the derivation suggested by Koyck. We can regard the per capita 
demand for real money as a function of the "normal" or "average" 
level of per capita real income and the interest rate. The nature of 
the variables applied in this study is similar to the permanent income 
hypothesis and the adaptive expectation model, concepts developed by 
Milton Friedman and Phillip Cagan, respectively. Friedman has 
argued that per capita demand for real money is determined by per 
capita permanent real income. 7 Cagan has suggested that an individ-
ual 1 s desired real cash balances depend upon his wealth in real terms, 
6The growing interest in the application of distributed lag model 
in the regression analysis of time series has been stimulated by the 
work of Koyck. As a matter of fact, both Cagan ts adaptive expectation 
model and Nerlove' s partial adjustment model are originated from 
Koyck 1 s study. 





~ Cl!. xt . + ut ' 
. l -1 
1=0 
where Y t and Xt are observed time series and ut is a random dis -
turbance. However, Koyck assumes that the distriouted lag coefficients 
a i decay geometrically, so that the original equation can be expressed 
as 
7Milton Friedman, 1'The Demand for Money: Some Theoretical 
and Empirical Results, 11 The Journal of Political Economy, 67 
(August, 1959), pp. 335-336. 
12 
his current real income and the expected rate of change in prices. 8 
The economic rationale behind this model is that the quantity of real 
money per capita demanded, like the quantity of consumption services 
in general, is adapted not only to current values but also to permanent 
values. The derivation of permanent values in this study follows the 
Koyck type of distributed lag equation where the coefficients of the 
distributed lag equation decline in geometric progression in successive 
periods. This suggests that (1) the current value of the demand for 
real money per capita is not only related to the values of current real 
income per capita and the interest rate but also related to the values 
of these variables at several different times in the past; (2) recent 
values of real income per capita and the interest rate should be 
weighted more heavily than those of the remote past. Therefore, 
according to the hypothesis under investigation, the effects of real 
income per capita and interest rate changes diminish through time at 
constant geometric rates. 
The basic model can be written as 
OJ i y OJ i 
= 'I + a l: A (-N )t , + 13 l: µ rt-1" + et 
o o i= 0 p -1 o i=O 
( 1 ) 
where et is an error term, 
and 
In order to reduce equation ( 1) to a form appropriate for e stima-
tion, equation ( 1) is lagged one period, and multiplied by A. Thus, 
8Phillip Cagan, "The Demand for Currency Relative to Total 




00 i y 00 i-1 
'{ A+ a ~ X. (-N )t . + X.!3 ~ µ rt-1' + X.et-1 
0 0 i= 1 p -1 0 i= 1 
(2) 
Then equation (2) is subtracted from equation (1), which yields: 
M Y 00 i-1 
( Np )t = '{ (l - X.) + a (-N )t + 13 rt+ (µ - X.)13 ~ µ rt-1' 
0 0 p O O i= 1 
(3) 
Next, equation (3) is lagged one period again, and the result is 
multiplied by µ. Then, the following is obtained: 
(4) 
If equation (4) is subtracted from equation (3), one obtains: 
M y y 
( Np )t = yo(l - X.)(l -µ) + ao( Np )t - µao( Np )t-1 + l3ort - X.l3ort-l 
M M 
+ (X.+µ)(Np)t-1 - X.µ(Np)t-2+ Wt (5) 
where 
Equation (5), which is non-linear in the original parameters, and 
contains lagged values of the dependent variable on the right hand side 
of the equation, contains serious statistical problems. The direct 
application of least squares to the equation under the assumption of 
14 
independent errors will not only be inefficient, but also will be biased 
when in fact the errors in the equation are correlated. 
Therefore, in order to obtain estimators with consistent and 
efficient properties, it is assumed that the errors follow the first order 
autoregressive scheme: 
and 
where p is the autocorrelation coefficient and et is assumed to have 
the following statistical properties 
for s = 0 
for s :/:. 0 
Combining the first order autoregressive errors assumption with 
equation (5), one obtains: 
( ~ \ = Y0 (l - A){l - µ)(l - p) + ao( N~ \ • (µ+ p)ao( N~ \_1 + µ pao( N~ )t-2 
M 
+ f3ort- (A+p)f3ort-l + Ap[3ort_z+ (A+µ+p)(Np\-1 
- [(A+µ)p+ Aµ](~\_z+ Aµp(~)t-3 + et ( 6) 
where 
Mt . = the current and lagged values of the demand for nominal money 
-1 
(i=0,1,2,3), 9 
9Two concepts of money are used respectively in this study; ( 1) 
traditional definition of money (currency plus demand deposits) and 
(2) Friedman's type of definition of money (currency plus demand 
deposits and time deposits), 
15 
Yt . = the current and lagged values of measured aggregate income in 
-1 
nominal terms (i=O, 1,2), 
Nt . = the current and lagged values of population, measured and 
-1 
permanent being taken as identical (i = 0, 1, 2), 
r t-i = the current and lagged values of interest rate (i = 0, l, 2), 
pt-i = the current and lagged values of the price index (i = 0, 1, 2), 
et = the error in the equation 





= the parameter for the real income per capita, 
= the parameter for the interest rate, rt . -1 
:\. = the lag parameter associated with the real income per capita, 
y 
( Np \-i 
µ = the lag parameter associated with the interest rate, rt-i 
p = the first order autocorrelation coefficient 
or 
M y y y 
(Np\= no+ Ill(Np)t + II2(Np\-1 + II3{Np\-2+ II4rt + II5rt-l 
where 
M M M 




II = 3 µ pao 
II -4 - 130 
II 5 = -(X.+p)l3 0 
II 6 = X. p 13 0 
II7 = (X.+µ+p) 
II8 = [(X.+µ)p + X.µ] 
II = 9 X.µp 
· Four other least squares regressions are also derived from 
eq:uation (6). These are 
Two Lag Model with Independent Errors 
If it is assumed that the per capita demand for real money depends 
upon the per capita real income and the rate of interest, and that there 
are lag coefficients for the explanatory variables and zero autocorrela-
tion coefficient, i.e., X. =I- 0, µ =I- 0 and p = 0, then given equation (6), 
the basic model can be written as 
M y y 
(Np)t = Yo(l-X.)(l -µ) +ao~Np\- µao(Np)t-1 +l3ort 
M M 
- X.!3ort-l + (X.+µ)(Np)t-1 - X.µ(Np)t-2 +et· 
Static Model with Autoregressive Errors 
If it is assumed that the per capita demand for real money 
depends upon per capita real income and the interest rate, and that the 
lag coefficients associated with the explanatory variables are zero, 
i.e., A.= µ. = 0, then given equation (6), the ncmlinear estimati0n of 
the static model with first order aut0regressive errors is 
. ( ~ ) t = "Io ( 1 - P) + a o ( N~ ) t - P a o ( ~ ) t - 1 + r, or t 
M 
- p'3ort-l + p( Np )t-l+ et· 
First Difference Medel with Independent Errors 
If it is assumed that the per capita demand for real money 
17 
depends upon per capita real income and the interest rate, and that the 
values of lag coefficients are zero and the coefficient of autocorrelati0n 
is one, i.e., A = µ = 0 and p = 1, then given equation (6.), the basic 
model can be written as 
Static Model with Independent Errors 
If it is assumed that the per capita demand for real money 
depends upon current per capita real income and the current interest 
rat~, and that the values of lag and autocorrelation coefficients are 
zero, i.e .. , A = µ = p = 0, then the basic model can be expressed as 
Statement of Estimation Procedure 
Consider the mathematical form of a func:tion'l relationship 
which is assumed to be known and is written as 
' 
,, = f(o.;s.) 
1 J 
· where o. (i = 1, 2, ... , 9) are explanatory variables and . s. 
1 J 
(j=l,2, ... ,5) 
10 
are the unknown parameters. The main task is to 
18 
(8) 
determine the functional relationship between a response for the demand 
. for money at period.!_ and a nurri.ber of inputs, i.e., real income per 
capita, interest rate and the demand for meney in the previous periods. 
The standard statistical method of estimation for the unknown 
parameters ;. in equation (8) is the method of ordinary least squares 
J 
(OLS). The virtue of OLS is that the sum of squares of the d.ifference s 
between the observed responses 11 and their associated inputs o. will 
l 
be minimized (through the regression function (8) ). In order to mini-
mize the sum of the squares of the residuals, "£cp 2 = ~ [,,h - f(oih; sjh)J2. 
one must consider the first and second derivatives of f( o.; s.) . It is 
1 J 
assumed that they exist over the region of interest and write them 
respectively as 
8f 




For the purpose of minimizing 
2 
"£ cp , the following conditions 
must be met; given 
2 
0 = "E:,cp • 






s3 = X. ' s4 = µ. 
0 = 
M 
9 ( Np \_3' 






07 = (Np)t-1 
= a 0. s2 = 
y 
( Np \_z 





n . ( 6 ; s ) = -2 ~ [ 11h - £ ( 6. h; s . h) ] £. ( 6. h; s . h) = o . 
J h l J Jl J 
a2 n 
osj ask = njk(6; s) = -2 ~ [rih - £(6ih; sjh)]fjk(6ih; sjh) 
+ 2 ~ f. ( 6. h; G . h) fk ( 6. h; s . h) > o . 
h J l J l J 
Nevertheles1;3, when the regression function f(6.;;.) 
l J 
is non-
linear in the parameters, direct application of OLS may yield con-
19 
( 10) 
flicting estimation of the original parameters. This becomes obvious 
when we observe that the application of OLS to equation (7) will result 
in nine coefficients being estimated while this original model specifies 
only five parameters, i.e., 13 . , X. , µ and p , 
0 
Furthermore, if 
the. regression function f(6.;;.) 
l J 
is non-linear in the parameters, the 
estimation procedure will complicate matters somewhat from a compu-
tational point of view. It is for this reason that the modification of the 
11 Gauss-Newton 11 method of iterative estimation is applied in this 
11 
study. 
First, choose a vector of initial solutions, ; ? (j = 1 , 2 , . . . , 5 ) 
J 
for each unknown parameter. These guessed values may depend on past 
experience with similar problems, scatter diagrams of the observations 
or from the means of the observed variables. Thus we obtain 
s. = s? + ~s? (11) 
J J J 
11 
H. 0. Hartley, 11 The Modified Gauss-Newton Method for the 
Fitting of Ndn-linear Regression Functions by Least Squares, 11 Tech-
nometrics Vol. 3 (May 1961), pp. 269-280. 
20 
where ;? is an approximation of the true value of the parameter ;. ; 
J J 
0 
and 6;. is the difference between the approximation and the true 
J 
value. 
Second, substitution of (11) into (8) gives 
r, = f(6.;;?+6;?) 
l J J 
(12) 
Th'rp., the first order Taylor expansions of the residuals are 
taken about ;? which give us the set of linear approximations to the 
J 
residuals; 
o o af 
r, - f( 6. ; ; . ) + ~ 6 £ . ( !:\~ ) + 
l J j J U':, j O 
( 13) 
where 6;? = £· - ;? , and the symbol ( 0~f. )0 is understood to mean 
J J J ':, J . th 
the partial derivative of the dependent variable with respect to the J 
parameter evaluated at 
0 £· = ;. 
J J 
for all j . 
If equation ( 13) is expressed in the notation of the original model, 
then the following relations are obtained: 
6;0 0 = a-a 1 
6£0 
2 = [3 - [30 
6;0 = A - AO 3 
6;0 0 = µ-µ 4 
6£0 0 = p - p 5 
8f o Y o o Y o o o M 




+ (X. o + o)( M ) + 'JI.. o o( M ) 
µ Np t-2 µ Np t-3 
-('o+ o)Ao o oAo ( o o o)(M) 
/\. p '"' r t-1 + X. p '"' r t-2 + 'JI.. + µ + p Np t-1 
+ [(X. o + o) o + X. o o] ( M ) + X. o o o( M ) 
µ P µ Np t-2 µ p Np t-3 
21 
It is permissible to ignore the terms with derivatives of second 
or higher order if we assume that the vector of initial values tO . ~· lS a 
J 
close approximation of the vector of true values s. so that equation 
J 
( 13) can be reduced to 
0 
,, - f( 6.; g. ) 
l J 
(14) 
where the left hand side of the equation is a linear combination of known 
constant 
8f O ( at. )0 and unknown correction factors .6.; .. The right 
~J J 





Third, in order to obtain the values of t:i.1;?, we compute the 
J 
regression of T) - f(6.; g?) 
l J 
regression method~ If the 
on the ( ai~ ) 0 by the ordinary linear 
J 
estimated values of t:i. g? are not small 
J 
enough, then the process will be repeated by using the successive 
point; i.e., 
Ao 
where the values of t:i. g. 
J 
o "o 
T) = f(6.; £. + t:i.1;.) 
l J J 
are the least-squares estimatei. of 
Finally, the iteration will be conttnued until the correction factors 




Given the assumptions that the 6ih are bounded and the eh are 
normally distributed, it is likely that the final set of estimates, 
o "N 
T) = f(6.;1;. +t:i.1;. ), aremaximumlikelihoodestimateswhichpossess 
1 J J 
the properties of consistency and asymptotic normality. In other words, 
if the estimates of 1;. computed from the initial least squares estima-
J 
tion of equation (7) do not yield the minimum residual sum of squares, 
the iterative process will be repeated until the procedure converges to 
the set of estimated parameters which give the smallest residual sum 
of squares, or the maximum likelihood solution. 
Theoretical Properties of the 
Estimated Function 
The non-linear least squares estimating technique employed in 
this study is based on a maximum likelihood technique which is a 
modification of the Gauss -Newton method. Given a non-linear 
regression model, 
23 
h=l,2, •.. ,t 
i = 1,2, ... ,.£ 
j = 1,2,, .. ,m 
( 16) 
where 6. denotes the fixed input vector of i elements while ; is an 
l -
!!2:_-element unknown parameter vector with element ;., and 
J 
set of_!. independent error residuals, the estimation of ;. can be 
J 
accomplished by applying the non-linear least squares method. In 
order to guarantee the minimization of sum of squares of residuals, 
three normal conditions are required on the function, rih = £(6ih; ;jh). 12 
First, there exist first and second derivatives of the function 
n (6.; ;. ) with respect to the ; , i.e., 
l J 
an = af" 
J 
n . ( 6. ; s . ) = -2 ~ { 11h - f ( 6. h; s . h)} £. ( 6. h; s . h) 
JlJ h l J Jl J 
and 
a2 n 
a;j ash = njk( 6i; sj) = -2 ~ {rih - £( 5ih; sjh)} fjk( 6ih; sjh) 
+ 2 ~ £.(6.h; ;.h) fk(6.h; £.h). (17) 
h J l J l J 
This assumption will assure the continuity of the function f(6ih; ;jh) 
for all of ; .. 
J 
Secondly, there exists a non-trivial set of 
2 





h j J J l J 
H. O. Hartley, ~· cit., pp. 270-271. 
8. , 
J 
(j = l, 2, ... , m) 
(18) 
24 
for the observed vectors 6. and for all £. in a bounded convex set S 
1 J 
of the parameter space g 1, g 2 , g3 , ... , gm. This assumption will 
provide the condition of non-degeneracy of rank in the least squares 
regression. 
Thirdly, in order to assure the convergence of the iterative 
process of solution from the application of the Modified Gauss -Newton 
method, it is assumed that there exists a vector g? in the interior of 
J 
S such that 
Q(o.h;g.h) < lim inf Q(o.;g) 
1 J S 1 ( 19) 
where inf implies greatest lower bound and S is the complement to S, 
or J = m+l,m+2, •.. , a::. 
Under these assumptions, the proof of convergence is derived by 
13 
Hartley. He starts with the elements £? of the vector g O which 
J 
is expected to be proportional to the solutions cj>. of the Gauss-Newton 
J 
equation. 
By substituting a multiple 1st order Taylor expansion of 




2~{~f.(o.h;g.h)£k(o.h;g.h)}m = 2 ~{ 11h- f(o.h;g.h)}f.(o.h;g.h). (20) k h ] 1 J 1 J Tk h 1 J J 1 J 
Because the determinant of the linear equations (16) has rank m, this 
system of linear equations can be solved.and yields elements 
vector cj> as solutions. 
13 Ibid., p. 271. 
cj>. of the 
J 
25 
Now, consider the following function, 
0 o ( 6. ; s. + v cp.) . 
l J J 
For O < v < 1 (21) 
and define a vector 
£1 = so+v'cp (22) 
where v' implies the value of v for which 
0 
0(6.; £. · + v cp.) 
l J J 
is a 
minimum on the interval O < v < 1 , then it is clear that 
o ( 6. ; s : ) < o ( 6. ; s?) < lim inf o ( 6. ; s ) 
l J - 1 J l 
(23) 
so that s~ also lies in the interior of S. If the preceding computation 
J 
is repeated at s 1 and so on, a sequence of vector sn, (n = 1, 2, ... ) 
will be derived, and all of these vector will also be within the bounded 
convex set S. 
Let lim it is clear that n-a:: 
lim 0(6.; s?-) = 0(6.; f:<) < 0(6.; s~) < lim inf 0(6.; s) (24) 
n-a:: 1 J 1 J - 1 J S 1 
* and ;. will be also in the interior of S. 
J 
Next, for the purpose of minimizing the sum of squares of 
* residuals, the first partials 0. at the point 
J 
s are set to zero. 
* cp is the solution of the equation, then it is possible to obtain 
* * = 2 :E{rih- f( 5 .h;;.h)}f.( 5.h;;.h). 
h l J J l J 






~ n.(6.h; ;.h)cp. 







* = ,h 't'· 
J 






Hartley has shown that, in order to avoid the contradiction 
against the statement that the n( 6ih; s n) of the original sequence n 
:::=:: 
converges to cp , which would also be the limit of the subsequence 
n• 
n(6.h; ;. ) , the condition 
l J 
2 ,:.: 
~ n. ( 6.h; s. ) = o 
j J l J 
14 





the sequence of vectors converges to a solution of the least 
squares equations, i.e., 
* n.(6.h; g.h) = o 
J l J 
j=l,2, ... ,m. 
Theoretical Development of Estimation 
Techniques in Monetary Literature 
(30) 
The choice of estimation procedure is not only important but also 
critical in answering the questions of unbiasedness, efficiency and 
consistency in the estimation of the demand functions for money. 
14Ibid., p. 272. 
27 
An examination of Meltzer's demand for money study illustrates 
the pitfalls of his deep involvement in the statistical problems, such as 
multicollinearity and serial correlation. 15 His basic model of the 
demand for money is 
M = a R 13 W y (3 1) 
n 
where M represents the quantity of money demanded, R is the rate of 
interest and W is non-human wealth. a, 13 and y are parameters to 
n 
be estimated. Equation (31) can be written in logarithm form: 
£nM = .fna + l3£nR + y.fnW 
n 
(32) 
Two concepts of money stock variables (M 1 = currency plus demand 
deposits, M 2 = currency plus demand deposits and time deposits) are 
used. Several alternative measures of non-human wealth and Durand's 
basic yield on twenty ... year corporate bonds for the interest rate 
variable are employed in MeltzerJs study. He applies ordinary least 
squares regression to the United States time series and obtains the 
following conclusions: 16 (1) The demand function for money is homo-
geneous of first degree in prices and financial assets; (2) The demand 
function for money balances M 1 is at least as stable as the demand 
function involving broader definition of money M 2 ; (3) The demand 
(ll!'>,;,;\o:fl, 
function for money is more stable when the function is formulated in l' 
terms of a wealth constraint rather than an income constraint; (4) The 
15 ·A.H. Meltzer, "The Demand for Money: The Evidence from 
the Time Series. 11 The Journal of Political Economy, 71 (June, 1963) 
pp. 219-246. 
16 rbid., pp. 244-246. 
28 
wealth elasticity increases when the definition of money is broadened 
· to include time deposits. Nevertheless, Meltzer' s empirical results 
reflect serious statistical problems, the problems of serial correlation 
and multicollinearity. Meltzer claims that, when both real income and 
real wealth are included in his demand function for money, the income 
variable fails to show its statistical significance. But his statistical 
re,sults may be attributed to the fact that the lack of explanatory power 
is due to the multicollinearity which is implicitly involved in a high 
correlation between income and wealth. All of these results cast some 
doubt on Meltzer's empirical conclusion that the wealth variable is the 
best constraint in the demand function for money. By means of the 
criteria of 11 t 11 values or standard errors of estimate, Meltzer also 
concludes that the elasticity of broadly defined money balances with 
respect to wealth is substantially above the elasticity of narrowly 
defined money balances with respect to wealth. But these results 
again may be attributable to the autocorrelation in the disturbance 
terms. 
In their comments on Meltzer 1 s study, Courchene and Shapiro 
assert that Meltzer 1 s money demand function is not in fact stable 
because his parameter estimates for different time periods are not 
d f h d 1 · 1 · l 7 I dd. . d 1 gene rate. rom t e same un er y1ng popu at10n. n a· . 1t1on, to ea 
with the question of the presence of autocorrelation in the regression 
analysis, Courchene and Shapiro analyze results of Meltzer 1s demand 
function for money with the application of Durbin-Watson test and find 
17 T. J. Courchene and H. T. Shapiro, 11 The Demand for Money: 
A Note from the Time Series, 11 The Journal of Political Economy, 72 
(October, 1964), pp. 498-503, 
29 
that Meltzer's evidence indeed presents the serial correlation in the 
residuals. 18 The problem of the presence of autocorrelation with the 
application of ordinary least squares to estimate the parameter in the 
regression analysis will cause an understatement of sampling 
variances. 19 Meltzer later concedes the existence of serial correla-
tion in his extensive analyses and then presents a more refined 
estimates of his wealth hypothesis. He finds less serial correlation 
and more evidence on the problem of stability at the cost of greater 
1 . 11· . 20 mu t1co 1near 1ty. 
Teigen illustrates his simultaneous equation system by the use 
of a supply-demand model, similar in type to the following: 
Demand for Money (Md) Md = M [(r Y), Y] 
Supply of Money (Ms) Ms 
M 
x(r, r ) = ,,, = ,,, c 
M 
Equilibrium Md = Ms 
where M is the sum of currency in the hands of the public and private 
* demand deposits at member and non-member banks, M is the 
maximum stock of money based upon the reserves supplied by the 
Federal Reserve System, r represents the return to commercial 
banks from making loan and 
18Ibid,, pp. 499. 
r is a measure of the cost of lending 
c 
19J. Johnston, Econometric Methods, New York: McGraw-Hill 
Book Company, Inc., 1963, pp. 177-179. 
20 
A.H. Meltzer, 11A Little More Evidence from the Time Series, 11 
The Journal of Political Economy, 72 (October, 1964), pp. 506-507. 
30 
for commercial banks. 21 He demonstrates that if there exists a supply 
function for money, then it is possible to estimate the coefficients of 
the demand and the supply functions of money jointly, so that it would 
be possible to take into consideration the interdependence among the 
variables, Teigen proceeds to treat the money supply as an endogenous 
rather than exogenous variable, and deals with a structural model as a 
distinct improvement over the single-equation analysis of the demand 
22 
for money. . He argues that the single equation regression for the 
coefficients of the demand for money is often biased, and that the two-
stage least squares method, which is applied to a structural model 
with money supply endogenously determined, will yield consistency in 
the parameters estimated. 23 · In other words, he believes that a logical 
way of eliminating the bias in the estimation of demand function for 
money is to estimate the coefficients of the demand and the supply 
functions of money jointly by two-stage least squares, so that it would 
take account of the interdependence of the functions. 
It is well known that ordinary least squares should not be directly 
applied to the model where the random disturbance term is correlated 
with one or more independent variables or where two or more indepen-
dent variables are jointly dependent. 24 Teigen employs two-stage 
least squares to estimate the coefficients of the money demand and 
2 1 R. L. Teigen, 11D emand and Supply Fune tion s £or Money in the 
United States: Structural Estimates, 11 Econometrica, 32 (October, 
1964), pp. 476-509. 
22 rbid., pp. 500-502. 
23 rbid., pp. 503-505. 
24 
J. Johnston, ££· cit., pp. 177-179. 
31 
money supply functions simultaneously. In the first part of the two-
stage procedure, the endogenous variables are regressed on all of the 
exogenous variables. In the second part of the procedure, the 
estimates variables in the first stage are substituted for the endogenous 
variables, and ordinary least squares is applied. 
Teigen estimates a structural model of money supply and demand 
by two-stage least squares and sums up with the following conclusions:2 5 
( 1) The variables - -the product of the interest rate and national income 
and national income alone--in the demand function for money give the 
best results during the postwar period, (2) A log-linear function is 
judged to be the best functional form during the prewar years, (3) His 
structural estimates support the hypothesis that the supply of money 
should be treated endogenously, (4) The short term rate of interest 
, links the supply function of money to the rest of the model. Finally, 
(5) for the postwar years, his estimates indicate no difference in the 
extent of response to movements in the interest and discount rates. 
But for the prewar period, however, the coefficient of the interest rate 
in the supply function is more than twice as large in absolute value as 
the coefficient of the discount rate. It should be pointed out that the 
two-stage least squares method only gives us an estimator with the 
f . Th . . 11 · ff' · 26 property o cons1stency. e esti.mator 1s genera y 1ne 1c1ent. 
Chow argues that one of the major weakness in the available 
theoretical formulations of demand functions for money seems to be the 
25 R. L. Teigen, £.E.· cit., pp. 505-506. 
26 P. J. Dhrymes, Econometrics: Statistical Foundations and 
Applications, New York: Harper & Row, 1970, pp. 176-182. 
failure to distinguish between a long-run equilibrium demand and a 
short-run demand function for money. 27 Therefore Chow's model 
32 
consists of a "long-run" component and a "short-run" component of 




Mt - Mt- l is a change in the money demanded, a(Mt - Mt- I) 
is a fraction of the difference between the so-called equilibrium demand 
for money and the money demanded in the previous period, and 
P(Yt - Yt-l) is a fraction of change in total assets. The equilibrium 
demand for money is derived from the following functional relationship: 
(3 5) 
where * M is the estimated equilibrium demand for money, Y is the 
relevant income or wealth variable, r is the rate of interest, and the 
subscript_.!:. denotes time. 
Chow applies ordinary least squares regression to the United 
States time series data and estimates the short-run as well as long-
run demand function for money. The estimates obtained by Chow not 
only support the hypothesis of a long lag in adjustment, but they also 
support the view that permanent income explains the total stock of 
money demanded better than current income does when short-run 
adjustments are not allowed for. In other words, Chow concludes that 
27 
G. C. Chow, "On the Long-Run and Short-Run Demand for 
Money," The Journal of Political Economy, 74 (April, 1966), 
pp. 111-1n 
33 
permanent income is more important than current income in the long-
run framework, and current income is more important in short-run 
28 
change in demand for money. All of these economic interpretations 
are actually based upon statistical evidence that {l) permanent income 
turns out to yield a slightly higher regression coefficient than does the 
non-human wealth measure, (2) the coefficient of the permanent 
income variable has smaller value of standard error, (3) the coeffi-
. t f t . . . t" d . . f" t 2 9 I d c1en or curren income 1s pos1 1ve an s1gn1 1can . n or· er to 
illustrate the usefulness of Chow's demand fun,ction for money, some 
econometric problems, such as estimating the parameters of a 
distributed lag model and testing serial correlation in the presence of 
a lagged dependent variable, are carefully examined. In the case of 
positive autocorrelation among the errors, the direct application of 
the ordinary least squares method on Chow's demand function would 
underestimate the standard errors of the coefficient even if the 
coefficients of the regression are still unbiased. 30 On the other hand, 
in the case of the lagged dependent variable, the application of the 
ordinary least squares method to estimate distributed lag models 
would lead to inconsistent estimates, particularly when the model 
involves the property of autocorrelation in the disturbance terms. 31 
For these reasons, Chow's estimates of the short-run demand for 
28 Ibid., p. 127. 
29Ibid., pp. 118-125. 
30J. Johnston, ££.· cit., p. 179. 
31 
P. Rao and R. L. Miller, Applied Econometrics, California: 
Wadsworth Publishing Company, Inc., 1971, pp. 165-173. 
34 
money cannot be reliably used since his empirical results are in fact 
inconsistent estimates. 
In his paper, de Leeuw demonstrates that it is important to 
integrate the problem of speeds of adjustment into a theory of demand 
32 
for money. The key assumption in de Leeuw's theoretical scheme 
is that the public adjusts its demand for money during the period by a 
constant fraction (1 - k) of the discrepancy between income or interest 
rate xt and its existing stock of money demanded in the previous 
period Mt-l. Mathematically 
(3 6) 
where M is real per capita money demanded, b' is a vector of coeffi-
cients, x is a vector of some factors which influence demand for 
money, ( 1 - k) is a measure of the speed of adjustment and ut is the 
unexplained residual. He adds Mt-l into both sides of equation (36) 
and obtains 
(3 7) 
Due to the statistical problems which exist in the estimation procedures 
of ordinary least squares and two-stage least squares, an upward bias 
in the coefficient on the lagged stock and thus downward bias in the 
32 F. de Leeuw, "The Demand for Money: Speed of Adjustment, 
Interest Rates, and Wealth," Monetary Process and Policy: A 
Symposium, Edited by G. Horwich, Homewood, Illinois, Richard D, 
Irwin, Inc. , 1966. 
35 
speed of adjustment will arise. 33 de Leeuw employs another estimating 
technique, three-pass least squares, to remove the bias in the estima-
tion of k. He completes the specification of his model by invoking an 
assumption with respect to the probability distribution of random error 
ut. · He assumes that the errors follow a Markov process of the form 
(3 8) 
where et is a random normal variable with zero mean, constant 
variance 
2 
and serially independent. He then substitutes equation O" 
E 
(3 8) into equation (3 7), so that 
If ut-l is known, the application of the ordinary least squares to 
equation (3 9) would result in consistent, asymptotically efficient 
(3 9) 
estimates although small-sample bias would still remain. Nonetheless, 
the values of ut-l are not available, thus ordinary least squares 
could not be applied to equation (39) without introducing bias into the 
estimation of speed of adjustment. In fact, the idea of the three-pass 
least squares is to obtain the estimated values of ut-l by the process 
of successive approximation, and then to apply ordinary least squares 
to equation (39). In other words, de Leeuw in the first-pass applies 
ordinary least squares to equation (37) so that the coefficient estimates 
k and b', and regression residuals 
33 P. H. Hendershott, "The Demand for Money: Speed of Adjust-
ment, Interest Rates, and Wealth--A Sequel,.'.' Staff Economic Studies, 




are calculated. A new dependent variable · M - ( 1 - k) b 'x 
t t then is 




so that he would be able to obtain the estimated values of k , p and 
a. Among these three estimators, only >:< >:< k is used, where the 
double asterisks indicate that it is obtained in the second-pass. Finally, 
a new estimate of the u-series is obtained, 
** >:c::}:: 
ut-l = M 1 - k M 2 - (1 - k) b'x 1 t- t- t- (42) 
and' in the third-pass, the estimates of the coefficients of the equation 
(43) 
are obtained through the application of the ordinary least squares. 
These estimated values of the parameters from the three-pass least 
squares technique are consistent only if xt is serially uncorrelated, 
and only if the estimates of (1 - k) b' are consistent in the first-pass 
of estimation. 1£ (1 - k) b' are not consistently estimated in the first 
pass, u:'_ 1 will not be a consistent estimate of ut-l and the final 
. estimates of the coefficient of equation (43) will not be consistent. 
Wallis has indicated that three-pass least squares estimates are in 
37 
general not consistent. 34 The results of the Monte Carlo method 
suggest that when the estimated values of parameters from three-pass 
least squares are consistent, they are still less efficient than other 
35 
estimation procedures such as the generalized least squares methodi 
This suggests that the de Leeuw hypothesis of a substantial lag in the 
adjustment of money holding and the estimating technique employed by 
him need to be reconsidered. 
Supplementary Remarks on Various 
Estimation Techniques 
These supplementary remarks discuss the advantages and dis -
advantages of the various estimation techniques mentioned in the 
previous section of this chapter. 
In a single equation model, the ordinary least squares method of 
estimation is appropriate only when the usual conditions for identifica-
tion are satisfied and the error terms have met the provisions required 
by the Markov theorem. However, if there is a correlation between 
the disturbance term and the explanatory variable of a regression 
equation, or if the error terms are autocorrelated, the ordinary least 
squares method does not yield the best unbiased.estimates. Without 
any modification, A.H. Meltzer has applied ordinary least squares to 
his basic model of demand for money, which is the Static Model with 
Independent Errors, the model where the values of lag and 
34K. F. Wallis, "Lagged Dependent Variables and Serially Cor-
related Errors: A Reappraisal of Three-pass Least Squares," Review 
of Econ0mics and Statistics, 49(November, 1967), pp. 555-567. 
3 5Ibid. , pp. 566 -56 7. 
38 
autocorrelation coefficients are assumed to be zero, 36 
For the fundamental problems in this situation, two alternative 
estimation methods are generally suggested, provided the appropriate 
conditions are satisfied. First, in order to cope with the problem of 
correlation which exists between the error term and some of the 
independent variables caused by the simultaneous satisfaction of all the 
equations of the m0del, two-stage least squares, which was used by 
R. L. Teigen, 37 is often employed. 38 The method of estimation mainly 
attempts to "purge II the explanatory variables subject to error on the 
right hand side of the equation of their error components by replacing 
these variables with suitable estimates which may be derived from a 
separate least squares regression, If these independent variables can 
be somehow 11purged 11 of error component by two-stage least square.s, 
the least squares estimation of a single equation should be able to 
provide "reasonable 11 estimates of the parameters. As long as the 
reduced-form equations do not involve any endogenous variable in the 
independent variables of a regression equation, it should be possible 
to estimate 11 purified 11 endogenous variables from the estimated 
reduced-form equations. However, it should be noted that the method 
of two- stage least squares will fail if the usual c.onditions for identifica-
tion are not satisfied or the error term in the second-stage application 
of least squares does not meet the usual conditions required by the 
Markov theorem. The method of estimation fails for the reason that 
36 A.H. Meltzer, ~· cit., pp. 219-246. 
37 R. L. Teigen, ~· cit., pp. 476-509. 
38 P. Rao and R.L. Miller,~· cit., pp. 212-215. 
39 
two-stage least squares is studied under the assumption that error 
terms in the two equations are independently distributed. As a matter 
of fact, in some econometric models, this is rather a restrictive 
assumption. In the estimation of demand functions from time series 
data, there are many situations where the error disturbances of a 
system of regression equations exhibit serial correlation. Although 
the technique of two-stage least squares adapted by R. L. Teigen in the 
estimation of the demand function for money is an improved estimation 
method over the method of ordinary least squares employed by A.H. 
Meltzer, without a proper transformation of autoregressive errors, 
the direct application of two-stage least squares inevitably yields in 
estimates which are inconsistent and inefficient. 
Second, in some econometric studies, the specification that the 
error terms in each observation are drawn independently of other 
terms may be inappropriate. If the error terms are serially dependent, 
the estimates by ordinary least squares are not the minimum-variance 
unbiased estimates of the parameters. In order to cope with this 
problem, an alternative estimation procedure, i.e., generalized least 
squares, is suggested. 39 The generalized least squares estimates of 
the coefficients are obtained by applying ordinary least squares estima-
tion to the regression equation in which all of the variables, dependent 
and independent, are transformed. The variation of the value of the 
autocorrelation coefficient of the Two Lag Model with Autoregressive 
Errors provides two types of specification. The first specification is 
39Henri Theil, Principles of Econometrics, New York: John 
Wiley & Sons, Inc., 1971, pp. 236-243. 
40 
the Static Model with Autoregressive Errors where the lag coefficients 
associated with the explanatory variables are zero and the autocorrela-
tion coefficient is bounded between zero and one. The estimated para-
meter of the autoregressive process is consistently estimated on the 
basis of a regression on these residuals. The second specification is 
the First Difference Model with Independent Errors where the values 
of the lag coefficients are zero and the coefficient of autocorrelation is 
one. G. C. Chow has estimated the demand function for money by using 
the ordinary least squares on the first difference model. 40 The 
disadvantage of applying the first difference technique has been shown 
by Rao and Miller to be that if the assumed value of autocorrelation 
coefficient is different from the true value of the parameter, the loss 
in precision of the estimation from the transformed variable can be 
extremely large. 41 The modified Gauss-Newton method of estimation 
provides the best estimated values of coefficient by the iterative 
process which will be repeated until the procedure converges to the $et 
of estimated parameters which give the smallest residual sum of 
42 
squares. 
The problem of specification bias arises from inc0rrect specifi-
cation of a given model. This may be because any given. linear model 
could be generated by a somewhat more general non-linear model. In 
face of the difficulty of building up a complete theory and the little 
knowledge of the properties of actual demand function for money, an 
40G. C. Chow, ~· cit. , pp. 111-131. 
41 P. Rao and R. L. Miller, ~· cit., pp. 74-75. 
42H. O. Hartley, ~· cit., pp. 269-280. 
41 
operational procedure to guard against this specification bias is to fit 
several versions of a given equation by exploring the versatile nature 
of the basic model, i.e., Two Lag Model with Autoregressive Errors, 
and examining the statistical results of estimation from a variety of 
assumptions regarding the values of lag and autocorrelation coefficients. 
Some of these versions are non-linear and any non-linear specification 
generally tends to make the estimation either unobtained or only very 
approximately obtainable by the least squares estimation. Hence, the 
method of recursive improvement of an approximate initial estimate .. 
must be incorporated. This is exactly what the modified Gauss-Newton 
method of estimation involves. 
Summary 
This chapter has been devoted to a presentation of the major 
theoretical and empirical contributions in the recent development of 
lags in the demand for money. It is known that the direct application 
of ordinary least squares on the distributed lag model as well as the 
serial correlation model would not yield consistent and efficient 
estimat.es. For this reason, considerable attention should be given to 
an alternative estimating method, e.g., the Modified Gauss-Newton 
method, which would provide the statistical results with the minimum 
sum of squares of the residuals. It means that the chief merit of the 
procedure employed in this study is that it works in the case of the 
distributed lag model or the serial correlation model, and it yields 
maximum likelihood estimators that possess the properties of con-
sistency and asymptotic efficiency and sufficiency. 
CHAPTER III 
ESTIMATION OF THE MODEL 
Introduction 
The statistical procedures used to estimate the demand function 
for money in the current literature of monetary economics are often 
unable to provide the estimated coefficients with the pr ope rtie s of 
consistency and efficiency. In this study, the modified Gauss -Newton 
method is used in an effort to obtain consistent and efficient estimators. 
The model is based on the modified Keynesian approach to the 
problem of the demand for money. This implies that on the one hand 
the demand for money is attributed to the transaction motive and the 
speculative motive. On the other hand the demand for money is 
expressed in terms of the Koyck distributed lag model. 1 The economic 
rationale behind this hypothesis is that changes in per capita real 
income and the rate of interest do not produce their effects only in the 
current period. The explanatory variables, per capita real income 
and the rate of interest, may be incorporated with the concept of 
distributed lag model for the reason that people do not fully adjust 
their actual holdings of real cash balances to their desired level in the 
current period. Instead, it takes several periods for them to complete 
1L. M. Koyck, Distributed Lags and Investment Analysis. 
Amsterdam: North Holland Publishing Company, 1954. 
,1 ') 
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the adjustment when there are changes in per capita real income and 
the rate of interest. 
The derivation of the coefficients of demand for money follows 
the Koyck distributed, lag equation where the coefficients of the 
distributed lag equation decline in geometric progression in successive 
periods. This suggests that ( 1) the current value of the demand for 
money is not only related to the values of current per capita real 
income and the rate of interest, but also related to the values of these 
variables at several different times in the past; and (2) recent values 
of per capita real income and the rate of interest should be weighted 
more heavily than those of the remote past. Therefore, the values of 
the coefficients of explanatory variables are derived from an expo-
nentially weighted average of current and past levels of per capita real 
income and the rate of interest. 
By the transformation given in the previous chapter, the model 
becomes 
M y y y 
(Np\= 'lo(l - A)(l - µ)(l - p) + ao( Np )t - (µ+ p)ao( Np \_1 + µpao( Np \_2 
M 
+ f3ort- (A+p)f3ort-l + Apf3ort-2+ (A+µ+p)(Np\-1 
The error term, E, has the following stochastic assumptions: (1) E is 
a random real variable and Et is random for every t; (2) Et, for 
every t, has zero expected value, E[Et] = 0; (3) the variance of Et 
is constant, and 
2 E[E E] = IT < ex: 
t t E 
for all t; and (4) the random 
terms of different time periods are independent. This implies that in 
each period the random terms act independently of their behavior in all 
44 
previous and subsequent periods, E [et et-s] = 0 for all t and for 
s -=f. 0. In other words, the second and the third assumptions state that 
the variance matrix of the disturbances has 
2 
CT in each element of its 
E 
leading diagonal and zero elsewhere. Therefore, e is distributed 
independently over time so that it shows no serial correlation, but with 
constant variance. 
The problem of finding an empirical definition of m<mey is also 
an essential issue in th.e theory of demand for money. Since the 
choices between money defined to exclude time deposits and money 
defined to include them have not yet b~n satisfactorily settled, both 
2 
definitions of money have been employed in this study. 
All of the functional forms and statistical tests undertaken in this 
study are based on the application of the single equation approach. The 
models are deliberately specified in such a way that the supply function 
of money shifts independently of the demand function along a stable 
demand surface. This means that the supply function of money contains 
at least one variable that does not appear in the demand function for 
money so that this variable shifts the supply function of money around 
over time. For this reason, it is possible to obtain observations at 
different points on the demand function for money. For example, the 
level of reserves made available by the Central Bank to the commerckt,.l 
banking system often plays a prominent role in the theory of the supply 
of money and does not appear in the theory of the demand for mcmey. 
The analysis proceeds in the following manner. First, equation 
( l) is estimated. This is the basic model of the dissertation, the 
2The reader who is interested in pursuing this matter will find a 
good reference over the definition of money in Laidler (1969). 
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model that allows for separate adjustment lags for per capita real 
income and the rate of interest as well as for autocorrelation, This 
model is designated as the Two Lag Model with Autoregressive Errors. 
The following model is equation (1) when p = 0, the Two Lag Model 
with Independent Errors. The third model that is investigated consists 
of setting X. = µ = 0 in equation (1)--the Static Model with Autoregres-
sive Errors. The fourth model constrains p in equation (1) to be equal 
to unity; this is the First Difference Model with Independent Errors. 
The last model that is estimated is the Static Model with Independent 
Errors, the model in which X. = µ = p = 0. 
Two Lag Model With Autoregressive Errors 
The basic model in this study is one in which the per capita 
demand for real money depends upon per capita real income and the 
rate of interest. If it is assumed that there are lag coefficients 
associated with the explanatory variables and that the autocorrelation 
coefficient is bounded between zero and one, i.e., X. # 0, µ # 0, and 
0 < p < 1 , then the basic model is written as 
M y y y 
( Np \ = 'Io ( l - X.) ( l - µ )( l - p ) + a o ( Np ) t - ( µ + p )a o ( Np \ _ l + µ p a o ( Np ) t - 2 
where 
M 
+ !\rt- (X.+p)[3ort-l + X.p[3ort_z+ (X.+µ+p)(Np\-1 
M M 




is per capita demand for real money, Np is per capita 
(2) 
real income, r is the rate of interest, the parameters, a 0 and [30 , 
indicate the magnitude of the respective influences of the impact of per 
capita real income and the rate of interest on the per capita demand 
for real money, and '( is a constant term, 
0 
All other notation and 
the statistical conditions are defined as before. 
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The method of estimation consists of choosing the values of a . , 
0 
13 0 , A, µ, and p which minimize the sum of squares of the residuals. 
Theoretically, the estimators obtained by means of the modified Gauss -
Newton method of iterative estimation are consistent and sufficient. 3 
In addition, if e I s are normally distributed, these estimators are 
also maximum likelihood estimators. 4 
The theory of demand for money usually demonstrates that per 
capita demand for real money is positively related to per capita real 
income. With regard to the rate of interest, it is expected to have a 
negative influence on the per capita demand for real money. 
In order to choose an appropriate interest rate variable, two 
variables were tested; the short-term interest rate which is the market 
yield on 90-day United States government securities and the long-term 
interest rate which is the United States long-term bond yield. To test 
whether the short-term or the long-term interest rate has stronger 
influence on the per capita demand for real money, regressions of 
annual and quarterly data for the period between 1956 and 1969 were 
· run on these two variables with alternative definitions of money. 
The summary of the regression results for the Two Lag Model 
with Autoregressive Errors for the United States are reported in 
3 H. 0. Hartley, 11 The Modified Gauss-Newton Method for Fitting 
of Non-Linear· Regression Functions by Least Squares, 11 Technomet-
rics, 3 (May, 1961), pp. 269-280. 
4 H. 0. Hartley and A. Booker, 11Non.linear Least Squares Estima-





PARAMETERS OF DEMAND FOR MONEY IN THE UNITED STATES 
UNDER TWO LAG MODEL WITH AUTOREGRESSIVE ERRORS 
USING SHORT-TERM INTEREST RATE 
Estimates of the Estimates of Lag and 
Constant Parameters Autocorrelation Coefficients -2 
130 >-.. 
R 
'{ 0 a 1-1 p 0 
Annual Data (1956-1969) 
Ml 
5,854.28 
8.897 -0. 114 -0.252 0. 137 o. 141 
0.375 
Np (6. 298) ( 1. 607) (0.221) (5. 029) (5. 232) 
M2 
.... ,,, . ... 
-222. 06 
7. 012''' -0. 596''' 0. 127 o. 445''' -0.264 
0.967 
Np (0. 603) (O. 163) (0. 065) (0. 070) (0. 300) 





-0. 004 -0.257 1## -0. 114 0.673 






5. 427'" -0.066 0.010 0. 747'" 0.023 
0.989 













PARAMETERS OF DEMAND FOR MONEY IN THE UNITED STATES 
UNDER TWO LAG MODEL WITH AUTOREGRESSIVE ERRORS 
USING LONG-TERM INTEREST RATE 
Estimates of the Estimates of Lag and 
Constant Parameters Autocorrelation Coefficients -2 
130 >.. 
R 
'{ 0 a µ p 0 




8.825 0.120 -0, 369'M' 0. 194 0.200 




6. 389"" -0.920 0.026 -0.045 -0.008 
0.964 
Np (O. 697) (0. 362) (O. 139) (0. 645) (O. 854) 




'•' 1. 480 0,003 -0.206 1## 0.684 





-0.092 0.002 0.087 27,55 
0.737 











Tables I and II. The standard errors are presented in parentheses 
below the estimated coefficients. An estimated coefficient is con-
sidered statistically significant if its accompanying "t" statistic is 
1. 96 or larger. The notations ,:, and ,:o:, indicate the estimated 
coefficients which are significantly different from zero at the one and 
the five percent levels respectively. The notation, ##, implies that 
the value of the autocorrelation coefficient is fixed at unity whenever 
the coefficient has been discovered to exceed one after the regression. 
Since the constant term in equation (l) is y 0 (1 - X.)(l -µ)(1- p), the 
value of y is not shewn in the table whenever the value of X. , µ or 
0 
p is fixed a priori at unity, The adjusted multiple correlation 
coefficient R 2 instead of the multiple correlation coefficient R 2 is 
used in this study. The value of the adjusted multiple correlation 
coefficient R 2 is defined as 
-2 
R 2 n - 1 =1-(1-R)--
n-k 
(3) 
where n is the number of observations and k is the number of para-
meters. In general, the value of R 2 is larger than the value of R2 
except when k = 1 in which case The use of 2 R has some 
disadvantages, because when the number of parameters (k) is larger 
compared with the number of observations (n), the mean squares of 
the residual tends to be on the low side and hence it gives an overly 
optimistic picture of the performance of the explanatory variable. 5 
The statistical evidence for the United States shows that, for the 
5H. Theil, Principle of Econometrics. New York: John, Wiley 
and Sons, Inc. , 1971 , pp. 17 8-17 9. 
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entire period, the per capita real income has a positive coefficient 
which is statistically significant and the rate of interest has a coeffi-
cient which, is statistically insignificant or slightly less than zero. 
Most of the equations are sufficiently well specified to pass. the Durbin-
Watson test for autocorrelation. The adjusted coefficient of determina-
tion R.2 is larger with the short-term interest rate than· with the long-
t . t t t Th R 2 t" t" f h f h erm 1n eres ra e. e · sta 1s 1c, a measure o t e percent o t · e 
variation in the dependent variable which is explained by variation in 
. the independent variable.s, ranges from 0. 38 to 0. 99 for the short-
term interest rate and from 0. 25 to O. 99 for the long-term· interest 
rate, Thus if the quarterly data of the short-term .interest rate are 
used in the independent variable, the specificatkm of the Two Lag 
Model with Autoregressive Errors explains 99 percent of the variance 
in the level of the per capita demand for real money in the United 
States when the regression is based on the broad definition of money. 
Since a higher t-value implies a higher level of confidence in. the 
estimated regression coefficient, the upward change in the t-value of 
the explanatory variable can be interpretated as an indication of greater 
reliability of the estimated value of demand for money. Examination 
of the statistical results indicates a greater t-value for the regression 
coefficients of the short-term interest rate than for the long-term 
. interest rate. A strong empirical relationship between per capita 
demand for real money and per capita real income and the short-term 
interest rate points to the conclusion that per capita real income and 
. the short-term interest rate can and should play a prominent role in 
the estimation of per capita demand for real money provided that the 
broad definition of money is used in the regression. 
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Thus, if the statistical significance of the coefficients of the 
short-term interest rate or the long-term interest rate is measured by 
the t-value of the coefficients, the short-term interest rate variable in 
general is more statistically significant and more reliable in that its 
relationship to per capita demand for real money is more predictable. 
From the statistical evidence, it is found that the t-value of the sh0rt-
term interest rate is substantially larger than the t-value of the long-
term interest rate, particularly when per capita demand fer real money 
(broadly defined) is used as the dependent variable. 
From these statistical results, two distinct conclusions are made, 
First, the short-term interest rate is the appropriate rate in the 
estimation of the demand function for money in the United States. For 
this reason, the short-term interest rate is used as the rate of interest 
variable in the remainder of the study. Second, the evidence indicates 
that money should be defined to include time deposits. That is, the 
be st results are obtained when money is defined as M 2 . 
The statistical evidence for Taiwan is presented in Table III. 
The results from the regression covering data for the period between 
. 1956 and 1969 show the anticipated signs for the coefficients of per 
capita real income and the interest rate variables. If annual data are 
used, the per capita demand for real money is positively related to the 
per capita real ~ncome. The coefficients of per capita real income 
are also significantly different from zero at the one percent level for 
both definitions of money. Although the coefficients of the rate of 
interest have the correct sign, the estimated coefficients of the rate of 
interest are not significantly different from zero. If quarterly data 
for the same period are used for the analysis, the coefficients of per 
TABLE III 
PARAMETERS OF DEMAND FOR MONEY IN TAIWAN UNDER 
TWO LAG MODEL WITH AUTOREGRESSIVE ERRORS 
Dependent Estimates of the Estimates of Lag and Constant Parameters Autocorrelation Coefficients -2 Variable 
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capita real income variable still show the appropriate sign for both 
definitions of money, and they are significantly different from zero at 
the one percent level. If annual data are used, the interest rate 
variable fails to show its importance in the determination of the demand 
for money. However, if quarterly data for the broad definition of 
money are used in the dependent variable, the estimated coefficients 
of interest rate variable not only provide the expected sign, but also 
show their statistical significance. The Durbin-Watson statistics for 
both annual and quarterly data do not permit accepting the hyp0thesis 
that the time series under the Two Lag Model with Autoregressive 
Errors is serially correlated. This implies that the incorporation of 
autocorrelation coefficient into the model indeed provides an appropriate 
functional form where the residual terms are serially independent. The 
-2 
R statistic ranges from 0. 988 to 0. 996. 
The elasticities of per capita demand for real money with respect 
to per capita real income and the rate of interest are shown in Table 
IV. These elasticities are calculated at the mean. The results 
indicate that the elasticity of per capita demand for real money, when 
money is broadly defined, with respect to per capita real income is 
close to be unity using the short-term interest rate as a proxy 
variabl;e, In the United States, most of the elasticities of per capita 
demand for real money with respect to the rate of interest are less 
than 10 percent except when annual data for broadly defined money are 
used in the dependent variable. On the other hand, the situation is 
quite different in Taiwan. The elasticities of per capita demand for 
real money with respect to per capita real income and the rate of 
interest are much larger than those in the United States. This implies 
TABLE IV 
ELASTICITIES OF PER CAPITA DEMAND FOR REAL MONEY WITH RESPECT 
TO PER CAPITA REAL INCOME AND THE RATE OF INTEREST 
Per Capita The Rate of Per Capita The Rate of 
Variable Real Income Interest Variable Real Income Interest 
For the United States For Taiwan 




1. 525 -0.319 
Np Np 
M2 
1. 329 -o. 156 
M2 
17. 194 -3.755 
Np Np 
Quarterly Data ( 1956-1969) Quarterly Data (1956-1969) 
Ml 
1. 262 -0.005 
Ml 










that per capita demand for real money in Taiwan is highly responsive 
to the changes in per capita real income and the rate of interest, 
particularly when the broad definition of money is used, in the dependent 
variable. The elasticities range from 7. 6 to 17. 2 for the per capita 
real income variable and from 1. 8 to 3. 8 for the interest rate variable. 
The greater than unity income elasticity of demand for real cash 
balances in Taiwan illustrates the existence of a plausible monetary 
phenomenon in less developed countries. Demonstration effects and 
inefficient credit facilities lead people to increase their demand for 
real cash balances. Thus, according to the estimates, a one percent 
increase in per capita real income results in a 7. 6 percent increase in 
per capita demand for real money. 
In order to measure the relative promptness of influence of per 
capita real income and the rate of interest on the per capita demand 
for real money, the lag coefficients for the Two Lag Model with Auto-
regressive Errors are presented in Tables V and VI. In all instance.s, 
except in the case of annual data with narrowly defined money for the 
United States, the interest rate variable has a consistently faster 
influence on the per capita demand for real money than the per capita 
real income. Five out of eight lag coefficients of interest rate 
variable show the completion of more than fifty percent of adjustment 
in the first two periods. On the other hand, only three out of eight lag 
coefficients of per capita real income variable complete more than 
fifty percent of adjustment in the first two periods. 
It is found that the theory of demand for money provides a s01id 
theoretical base for a reasonably good empirical explanation of per 
capita demand for real money in the past fourteen years. The major 
TABLE V 
THE LAGS STRUCTURE OF PER CAPITA REAL INCOME UNDER 
TWO LAG MODEL WITH AUTOREGRESSIVE ERRORS 
2 
Variable t t-1 t-2 ~ t-i Variable t t-1 
i=O 
For the United States For Taiwan 
Annual Data ( 1956-196 9) Annual Data ( 1956-1969) 
M Ml l 0.252 0. 188 0. 141 0.581 0.048 0.002 
Np Np 
. M2 
0. 127 o. 111 0.097 0.335 
M2 
0.222 0. 173 
Np Np 
Quarterly Data (1956-1969) Quarterly Data (1956-1969) 
Ml 





0.010 0.010 o. 010 o. 030 
M2 
0.194 o. 156 
Np Np 
2 
t-2 ~ t-i 
i=O 
0.000 0.050 
0. 134 0.529 
0. 108 (;). 916 




THE LAGS STRUCTURE OF THE INTEREST RATE UNDER 
TWO LAG MODEL WITH AUTOREGRESSIVE ERRORS 
2 
Variable t t-1 t-2 ~ t-i Variable t t-1 
i=O 
For the United States For Taiwan 
Annual Data ( 1956-196 9) Annual Data ( 1956-1969) 
M Ml . 1 
0. 137 0. 118 o. 102 0.357 0.021 0.021 
Np Np 
M-- M2 2 0.445 0.247 0. 137 0.829 0,218 o. 170 
Np Np 
Quarterly Data (1956-1969) Quarterly Data (1956-1969) 
Ml 





0.747 0. 189 0. 048 0.984 
M2 
o. 202 o. 161 
Np Np 
2 
t-2 ~ t-i 
i=O 
0.020 0.062 
o. 133 o. 521 
0.080 0.958 
o. 129 0.492 
:'.] 
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factors determining the per capita demand for real money are shown to 
be per capita real income and the rate of interest. An increase in per 
capita real income tends to increase the per capita demand for real 
money while a higher interest rate tends to depress the per capita 
demand for real money. 
Given the broad definition of money, the best results are obtained 
by regressing per capita demand for real money on per capita real 
income and the short-term interest rate. The coefficients for the per 
capita real income and the interest rate variables are statistically 
significant and have expected signs. The per capita real income and 
the interest rate explain 97 to 99 percent of the variance of the change 
in per capita demand for real money. 
Finally, the empirical estimation of this model indicates that the 
per capita real income and the short-term interest rate are dominant 
factors in the determination of per capita demand for real money, and 
the statistical estimation of the demand for money relationship leads 
to the conclusion that per capita demand for real money is influenced 
mainly by per capita real income and the rate of interest, i.e., the 
short-term interest rate in the United States and the discount rate in 
Taiwan. 
The following paragraphs briefly explore the versatile nature of 
the basic model and examine the results of estimation from a variety 
of assumptions regarding the values of lag and autocorrelation 
c oeffic ie nt s . 
Two Lag Model with Independent Errors 
If it is assumed that the per capita demand for real money 
depends upon per capita real income and the rate of interest, and that 
59 
there are lag coefficients for the explanatory variables and zero auto-
correlation coefficient, i.e. , X. f. 0, µ f. 0, and p = 0, then equation 
( l) reduces to the simple specification of a distributed lag model with 
two parameters: 
y y 
Yo(l -X.)(l -µ) +a/Np)t- µao(Np\-1 +f3ort 
M M 
- X.f3ort-l + (X.+µ)(Np\-1 - X.µ(Np)t-2+ et· (4 ) 
All of the notation and the statistical conditions are defined as before. 
This specification implies that the per capita demand for real money 
depends not only on current values of per capita real income and the 
rate of interest, but also on the lagged values of per capita real 
income, the rate of interest and the previous per capita demand for 
6 
real money. Since the influence of changes in per capita real income 
and the rate of interest are spread over several periods of time, the 
y 
distributed lag effects of variables Np and r on the dependent 
variable ~ are described by the various products of these para-
meters. As indicated above, equation (4) is non-linear in the para-
meters. The modified Gauss-Newton method of iterative estimation 
is therefore used. 
The statistical results for the Two Lag Model with Independent 
Errors are presented in Table VII for the United States and in Table 
VIII for Taiwan. All of the notation and the statistical tests are defined 
as those in the previous section. 
6The model used in this section has been employed by Humberger 
(1966), Nerlove (1958) and Friedman (1957). 
TABLE VII 
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The Durbin-Watson statistics for both the United States and 
Taiwan indicate no autocorrelation. The coefficient of autocorrelation 
is assumed to be zero under the model considered. Somewhat 
surprisingly perhaps, the Durbin-Watson statistic indicates the 
pluasibility of the assumption in that the statistic does not allow accept-
ance of the hypothesis that autocorrelation exists. This means that the 
results of independent errors are obtained without using the technique 
of Aitken' s generalized least squares method. 
The empirical results for the United States during the period 
from 1956 to 1969, either by annual or quarterly data, show that the 
signs of the coefficients for per capita real income and the interest 
rate variables are as expected on a priori grounds. The per capita 
real income and the interest rate variables play a prominent role in 
explaining the behavior of per capita demand for real money when 
• · either annual or quarterly data for broadly defined money are employed 
in the reg:r:_ession analysis. On the other hand, when quarterly data for 
narrowly defined money are used, the rate of interest fails to be an 
imp9rtant determinant in the demand for money even though the sign of 
the coefficient is negative. This implies that the rate of interest in 
this case is not an important factor in the estimation of the per capita 
demand for real money in the United States. The coefficients of per 
caP,ita real income variable have correct sign and are significantly 
different from zero at the one percent level. The specification of the 
Two Lag Model with Independent Errors for the United States explains 
80 to 99 percent of the variance in the level of the per capita demand 
for real money. 
63 
The empirical findings for Taiwan are presented in Table VIII, 
The statistical results give more satisfactory evidence for the interest 
rate variable than for the per capita real income variable, The per 
capita demand for real money is negatively related to the rate of 
interest under the various types of definition of the dependent variable. 
All of the estimated parameters are significantly different from zero 
at either the one or the five percent level. The sign of the. coefficients 
for the per capita real income variable is also the correct one. None-
theless, the per capita real income variable shows its significant 
impact on the per capita demand for real money at the one percent 
level only when the quarterly data of broadly defined money are used 
· in the regression, If annual data are employed, the narrowly defined 
money would give better results in explaining the behavior of per 
capita demand for real money. The specification of the Two Lag Model 
with Independent Errors for Taiwan explains 99 percent of the variance 
of the level of the per capita demand for real money. 
It is concluded that the Two Lag Model with Independent Errors 
solves the problem of autocorrelated errors in the disturbance terms 
for both countries. The model also gives results similar to the more 
general model of the previous section. However, the per capita real 
income variable is an important factor in the United States while the 
interest rate variable ,gives more consistent results in Taiwan. 
Static Model with Autoregressive Errors 
The problem of autocorrelation in disturbance terms arises most 
frequently in the estimation of demand functions from time series data, 
In order to improve the consistency and the efficiency of the estimators, 
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as compared with the estimators obtained from the application of the 
ordinary least squares regression, the information of the autoregres-
sive structure of the disturbances has been incorporated into the 
demand function for money. 7 
If it is assumed that the per capita demand for real money depends 
upon per capita real income and the rate of interest, and that the lag 
coefficients associated with the explanatory variables are zero, i. e,, 
X. = µ = 0, then given equation (1), the basic model can be written as 
M y y 
(Np)t = 'i'o(l -p) +ao(Np\- pao(Np)t-1 +!\rt 
• 
M 
- P f3ort ... l+ p( Np \_1 + et (5) 
which is equivalent to 
y 
\' + a (-N )t + 13 rt 
0 0 p O 
(6) 
All of the definition of the terms and the statistical conditions are 
defined as before . . 
The incorporation of an autocorrelation coefficient into the 
demand function for money has two·important properttes. 8 First, the 
parameters are estimated by utilizing the information of the auto.-
regressive structure. Second, a term, 
7 The model used in this section has be suggested by Johnston 
( 1963) and it has been used previously by Klein ( 1958) and Cochrane 
and Orcutt (1949). 
8J. Johnston,. Econometric Methods. New York: McGraw-Hill 
Book Company, Inc., 1963, p. 196. 
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which is the product of p and the estimated disturbance in the previous 
period, is added to the Static Model with Independent Errors. As 
Johnston indicates, the obtained estimators are likely to be unbiased 
because the approach takes account of recent disturbances, and the 
estimators will be asymptotically efficient. 9 In addition, since the 
value of p is usually unknown, the initial value of p is applied and an 
iterative procedure of the modified Gauss -Newton method is employed 
in order to assure that the use of the estimated p minimize the sum of 
the squares of residuals. 
The results of the estimation are presented in Table IX for the 
United States and in Table X for Taiwan. All of the notation and the 
statistical tests are defined as those in the second section of this 
chapter. 
In the case of the United States, the sign of the coefficients for 
the rate of interest is not consistently negative. All of the regressions 
of quarterly data show that the estimated parameters for the rate of 
interest are not significantly different from zero. This implies that 
the rate of interest as an explanatory variable is not an important 
determinant in the theory of demand for money if quarterly data of the 
time series are used. The per capita demand for real money is 
positively related to per capita real income and the coefficients of the 
income variable are also significantly different from zero at the one 
percent level. The Durbin-Watson statistic shows that, except in the 
9Ibid., pp. 196-197, 
TABLE IX 
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case of quarterly data for broadly defined money, the Static Model with 
Autoregressive Errors solves the problem of autocorrelation. The 
specification of the model for the United States explains 82 to 99 per-
cent of the variance in the level of per capita demand for real money. 
~' 
The statistical evidence for Taiwan during the peHod between 
. 1956 and 1969, either for annual or quarterly data, seem to confirm 
the common view positing a positive relationship between the per 
capita demand for real cash balances and per capita real income and 
a negative relationship between the per capita demand for real cash 
balances and the interest rate variable. The per capita demand for 
real money is positively related to per capita real income for both 
definitions of money. Although per ca pita real income plays an 
important role in explaining the behavior in the monetary sector at the 
one percent significance level, narrowly defined money always results 
in estimators with a smaller standard error of estimates. The sign of 
the coefficients for the rate of interest is the correct one. Nonethe-
less, only quarterly data of broadly defined money in per capita real 
terms show that the coefficients of the interest rate variable are 
significantly different from zero at the five percent level. The Durbin-
Watson statistic suggests that the direct application of the iterative 
procedure of the modified Gauss -Newton method to the transformed 
variable and solves 
the problem of autocorrelated disturbances in time series data. The 
specification of the model for Taiwan explains 99 percent of the 
variance in the level of the per capita demand for real money. 
In comparing the statistical results between the United States and 
Taiwan, all of the demand functions for money in Taiwan reveal that 
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the role of per capita real income is as expected and the signs of all of 
the coefficients of per capita real income and the interest rate variables 
are the correct ones. The coefficients of the per capita real income 
variable are significantly different from zero at the one percent level. 
The Durbin-Watson statistics also reveal that there is no positive auto-
correlation in the data of the transformed variables. The empirical 
results in the United States suggest that the explanatory variables 
affect the behavior of per capita demand for real money in the expected 
direction. However, on the whole, the Static Model with Autoregressive 
Errors performs better in the estimation of the demand function for 
money in Taiwan than in the United States. 
First Difference Model with Independent Errors 
In many cases, due to the absence of any information about the 
value of the autocorrelation coefficient p, the following alternative 
10 
approaches are suggested. These are: ( 1) estimate the parameters 
from the transformed variables using estimated p ; 11 and (2) use the 
lOP. Rao and R. L. Miller, Applied Econometrics. California: 
Wadsworth Publishing Company, Inc., 1971, pp. 74-75. 
11 To estimate the parameter of the autoregressive process, con-
~ider wh = TJh - f(oih;g.h), h= 1, 2, ... , t; i = ~· 2, ·:., P.; and 
J = 1, 2, •.. , n, where J, TJ, 6 and g are defined m Chapter II. The 
estimated parameter, 'p', of the autoregressive process can be con-
sistently estimated on th7\basis of a regression on these residuals, and 
the regression equation wh = p ~h- l + eh gives 
The single equation 









estimation procedure used to obtain ~ could be 
inefficient, but the estimated p is consistent. 
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first difference technique. If the explanatory variables have high 
serial correlation which is generally the case with economic time 
series data, the gain in the precision of estimation might become sub-
stantial by using the first difference technique to estimate the coeffi.., 
ctents of the demand function for money. To deal with the problem of 
autocorrelated disturbances, the application of the least squares 
regression of the first difference of the series provides two advan-
tages. 12 First, by reducing the correlation among the explanatory 
variables, it helps to identify their independent effect. Second, the 
bias resulting from the omission of the slowly moving variable from a 
. . . d d l3 regression equation 1s re uce · . 
If it is assumed that the per capita demand for real money 
depends upon per capita real income and the rate of interest, and that 
the v,alue s of lag coefficients are zero and the coefficient of autocorrela-
tion is one, i.e., X. = µ = 0 and p = 1, then given equation (1) the 
basic model can be written as 
or 
12 M. J. Hamburger, "The Demand for Money by Households, 
Money Substitutes, and Monetary Policy," The Journal of Political 
Economy, 74 (December, 1966), p. 604. 




The economic interpretation of the equation (7) or (8) is that in 
each period people revise their notions as to the per capita demand fer 
real money in proportion to the difference between the measured or 
observed value of the explanatory variable and its previous value. 14 
The statistical results of the First Difference Model with· Indepen-
dent Errors are presented in Table XI for the United States and in 
Table XII for Taiwan. The notation, #, implies that the value of auto-
correlation coefHcient is fixed at unity before the regression. Since 
the constant term in equation ( 1) is y (I - X.)(l - µ)(I - p), the value of 
0 
y O is not shown in the table whenever the value of p is fixed a priori 
at unity. All of the other notation and the statistical conditions are 
defined as before. 
In the case of the demand function for money in the United States, 
the Durbin-Watson statistic indicates that the First Difference Model 
with Independent Errors works satisfactorily except for the case of 
quarterly data with broadly defined money. The coefficients of per 
capita real income have the appropriate sign and are significantly 
different from zero at the one percent level. The regression provides 
satisfactory results when annual data are used. Most of the available 
evidence suggests that the sign of the coefficients for the rate of 
interest is as expected. The quarterly data for broadly defined money 
give the wrong sign. If quarterly data are used, the coefficients of the 
interest rate variable show no significant difference from zero. 
In the case of the demand function for money in Taiwan, the 
signs of all of the coefficients are theoretically correct; however, only 
14The model used in this section has been used by Chow (1966), 
Laidler (1966) and Humberger (1966). 
TABLE XI 
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the coefficients of the per capita real income variable are significantly 
different from zero at least at the five perc;ent level. In other words, 
when annual data between 1956 and 1969 are used, the coefficients for 
the per capita real income variable are sigaificantly different from 
zero at the one percent level. But if quarterly data during the same 
period are employed, the broadly defined money gives results with 
smaller standard errors of estimates. The Durbin-Watson statistic 
indicates no autocorrelation. This implies that the first difference 
technique solves the problem of autocorrelation when the transaction 
and the speculative motives for holding cash balan.ce s are regarded as 
dominant factors in the estimation of per capita demand for real money. 
The evidence shows that per capita real income, as an explana-
tory variable, plays a significant role in the estimation of the demand 
for money for both countries. If quarterly data are used, the coeffi-
cients for the rate of interest are not significantly different from zero. 
So far as the Durbin-Watson statistics are concerned, the regression 
in general gives satisfactory results for both the United States and 
Taiwan. This implies that the use of the fir st difference technique 
solves the problems of autocorrelated errors and yields the minimum 
variance and consistent estimates of the coefficients. The signs of 
the coefficients for per capita real income and the rate of interest are 
more consistent in their directions in Taiwan than in the United States . 
• 
For either annual or quarterly data during the period between 1956 and 
1969, a distinct negative relationship between the per capita demand 
for real money and the rate of interest can be observed in Taiwan. 
However, the statistical evidence for the United States supports 
Friedmant--s conclusion that the rate of interest fails to be an important 
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determinant of the demand for money when quarterly data are used for 
the analysis. 15 In the case of quarterly data with the narrow definition 
of money, the sign of the coefficients for the rate of interest in the 
United States is not as predicted, i.e. , it shows a positive relationship 
between the rate of interest and the per capita demand for real money. 
Static Model with Independent Errors 
The model is a simple textbook version of the demand function 
for money in which the per capita demand for real money depends upon 
per capita' real income and the rate of interest. 16 Assume that the 
val,u'.es of lag and autocorrelation coefficients are zero, i. e,, 
X. = µ = p = 0. Then, given equation ( 1), the basic model can be 
expressed by the following equation: 
... , + a (~) + (.). r + e t 
'o o Np t 1-'o t (9) 
The simple version of the per capita demand function for real 
money is applied to the quarterly data of the times series for the 
United States for the period between 1956 and 1969. The empirical 
evidence in Table XIII shows that the sign of the coefficients for the 
per capita real income variable is consistent with what moneta.ry theory 
predicts. However, the direction of the sign of the coefficients for the 
rate of interest is uncertain. The estimated coefficients for the rate of 
15 M. Friedman, 11 The Demand for Money: Some Theoretical and 
Empirical Results, " The Journal of Political Eco~omy, 67 (August, 
1959), pp. 327-351. l 
16 The simple version of the demand for mon~y used in this section 
is also employed by Meltzer (1963). 
TABLE XIII 
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interest are statistically significant with the expected sign only when 
the narrowly defined money is used in the demand function for money. 
To a large extent, the Durbin-Watson statistic fails to meet the crucial 
requirement that the disturbance terms be randomly distributed except 
in the case where annual data for broadly defined money are used as the 
dependent variable. This means that there exists a needlessl,y large 
sample variance in the estimated coefficient. In other words, when 
annual data instead of quarterly data from the time series during the 
period between 1956 and 1969 are used, most of the Durbin-Watson 
statistics, except narrowly defined money in per ~apita real terms, 
show lack of any autocorrelation in the disturbance terms. The 
coefficients of the rate of interest are statistically significant from 
zero at the five percent level. 
The empirical results of the per capita demand for real money in 
Taiwan during the same period are presented in Table XIV. By 
regressing per capita demand for real money on per capita real 
income and the rate of interest, either based on annual or quarterly 
data, a~l of the coefficients of per capita real income and the interest 
rate variables have the expected signs. This means that an increase 
in per capita real income will lead to a higher level of per capita 
demand for real money while an increase in the rate of interest will 
lower the level of per capita demand for real money. However, only 
the coefficients of per capita real income variable are significantly 
different from zero at the one percent level, while that for the interest 
rate variable are statistically significant only in the quarterly data 
with the broad definition of money. In other words, if the annual or 
the quarterly data for the narrow definition of money are used, the 
TABLE XIV 
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rate of interest fails to show statistical significance at the 95 percent 
of confidence level, i.e., no significant relationship between the per 
capita demand for real money and the rate of interest is found. By 
using quarterly data in the regression analysis, the Durbin-Watson 
statistic indicates that the residuals of the regression equations are 
highly autocorrelated. However, the Durbin-Watson statistic has been 
improved when the quarterly data for .the broad definition of money are 
employed. All of the estimated regression coefficients for per capita 
real income have the positive sign and have a high statistical signifi-
cance in most cases, and the estimated coefficients for the rate of 
interest have the negative sign in all cases but generally are of low 
statistical significance. Thus, the statistical results show no signifi-
cant impact of the rate of interest on the per capita demand for real 
money during the period between 1956 and 1969. 
The conclusions from the preceding argument can be summarized 
as follows: when a simple version of the model is fitted to the quarterly 
or the annual data for either the United States or Taiwan, the reg res-
sion with a larger number of observations provides evidence of auto-
correlation. The rate of interest in general fails to be statistically 
significant. Empirical results also show that the signs of the structural 
coefficients are nearly what might be expected on a priori grounds. 
The better estimation of the structure is found by using a broader 
definition of money. Furthermore, the sign and significant level of 
each estimated coefficient are similar in both countries. This suggests 
that the theoretical and empirical work developed in the United States 
can be applied to the monetary phenomenon in Taiwan. 
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Summary 
The empirical results, which are generated by means of the 
modified Gauss-Newton method, for various models of the demand for 
money are presented in this chapter, The basic model is one in which 
, the per capita demand for real money depends not only on the current 
values of per capita real income and the rate of interest, but also on 
the values of thef;le explanatory variables in the previous periods. The 
actual functional relationships are represented by the concept of an 
exponentially distributed lag. 
The main conclusions that may be drawn from these statistical 
results are as follows: the evidence from the basic model of this study, 
i.e., the Two Lag Model with Autoregressive Errors, strongly support 
the hypothesis that the per capita demand for real money in Taiwan 
depends not only upon the current values of per capita real income and 
the rate of interest, but also on the values of per capita real income 
and the rate of interest of the previous periods. The sign of the 
coefficients for the per capita real income variable is the appropriate 
one, as expected on a priori grounds for all types of regressionmodels. 
The estimated coefficients of the per capita real income variable are 
also significantly different from zero at least at the five percent level. 
As the measures of the influences of the rate of interest on the 
per capita demand for real money. in the United States, two variables 
were tested: the short-term interest rate which is the market yield on 
90-day United States government securities and the long-term interest 
rate which is the United States long-term bond yield. The statistical 
evidence indicated that the influence of the short-term interest rate is 
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more certain than that of the long-term interest rate. Generally 
speaking, the sign of the coefficients of the interest rate variable is not 
always as predicted and most of the estimated coefficients are too 
small to have significant influence on the behavior of the demand for 
money. However, the role of the interest rate in the demand function 
for money is statistically significant in both countries when the broad 
definition of money is used as the dependent variable. 
Finally, the incorporation of an autocorrelation coefficient into 
the regression, from the Durbin-Watson statistical criteria viewpoint, 
indeed reduces serial correlation in the disturbance terms. 
CHAPTER IV 
SUMMARY AND CONCLUSIONS 
Many of the statistical methods used to estimate the coefficients 
of the demand function for money in the current literature of monetary 
economics are econometrically inappropriate. For this reason, the 
modified Gauss-Newton method of iterative estimation is used. It has 
the following desirable properties: (1) the computatic,mal procedure is 
.. 
convergent for a finite sample size, and (2) the resulting estimators are 
consistent and asymptotically efficient as the sample size approaches 
. f" . t l 1n 1n1 y. 
Five functional forms are estimated for the demand for money in 
the United States and Taiwan. When data from the time series are 
used in the Static Model with Independent Errors, the most commonly 
used empirical demand for money model, the statistical results fail to 
meet the crucial requirement of the Durbin-Watson test. This implies 
that the hypothesis of random disturbance in the error terms must be 
rejected. The incorporation of an autocorrelation coefficient into the 
regression model improves the estimates because higher values of the 
Durbin-Watson statistic are obtained. However, the estimated coeffi-
cients from the application of the generalized least squares method are 
1 
H. 0. Hartley and A. Booker, "Nonlinear Least Squares Estima-
tion," Annual of Mathematical Statistics, 36 (April, 1965). pp. 638-650. 
Q? 
more satisfactory than the ones from the use of the first difference 
technique. 
The formulation of the model in this study is derived from an 
2 
extension of the distributed lag model suggested by Koyck. The per 
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capita demand for real money is considered as a function of per capita 
real income and the rate of interest. In other words, the current 
value of the per capita demand for real money is related to the values 
of current per capita real income and the interest rate as well as the 
values of both explanatory variables at several different times in the 
past. This distributed lag model also implies that recent values of 
these variables are weighted more heavily than those of the remote 
past. The effects of per capita real income and the interest rate 
changes diminish through time at constant geometric rates. 
Some selective features .of statistical evidence from the static 
and dynamic models are as follows: 
1. By implementing the modified Gauss-Newton method of non-
linear regression, the empirical results, on the whole, can be con-
sidered as very satisfactory. The standard errors of estimates for 
most of the coefficients are reasonably small as compared with the 
values of their estimated coefficients. This implies that the estimation 
method employed in this study provides estimated coefficients with the 
asymptotically efficient property. 
2. The empirical evidence suggests that the significance of 
explanatory variables' in the demand function for money depends not 
2 L. M. Koyck, Distributed Lags and Investment Analysis. 
Amsterdam: North Holland Publishing Company, 1954 1 
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only on the functional form of the model, but also on the nature of the 
variable used, 
3. The sign of the coefficients for per capita real income 
variable, in general, is consistent with what the monetary theory 
predicts. Most of the estimated coefficients of per capita real income 
variable are significantly different from zero at the one o:r the five 
percent level. This implies that the per capita real income variable 
occupies a prominent role in the estimation of demand function for 
money. 
4, The interst rate variable does not always provide a correct 
sign. The estimated "t" values for the coefficients of the variable are 
often less than the critical value. The best performance of the rate of 
interest in the estimation of the per capita demand for real money in 
the United States is obtained by using market yield of 90-day United 
States government securities as a proxy variable to measure the 
response of the demand for money. In addition, the broad definition of 
money often produces the estimated parameters which are statistically 
significant at least at fJve percent level. 
5. Given the broad definition of money, the elasticities of per 
capita demand for real money with respect to per capita real income in 
the United States are found to be close to unity. On the other hana., 
most of the interest rate elasticities are less than ten percent. The 
per capita demand for real money in Taiwan is highly responsive to the 
changes of per capita real income and the rate of interest. It is found 
that the elasticities of per capita demand for real money range from 
7. 6 to 17. 2 for the per capita real income variable and from 1. 8 to 
3. 8 for the interest rate variable. 
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6. The specification of the Two Lag Model with Autoregressive 
Errors, based on the quarterly data of broadly defined money, explains 
99 percent of the variance in the level of the per capita demand for real 
money in the United States as well as in Taiwan. 
Finalty, the statistical evidence for the United States and Taiwan 
is quite similar in the significance of the estimated coefficients as 
well as in the direction of the signs. It is therefore concluded that the 
theoretical relationship which has been developed to explain the 
monetary experience in the United States are also applicable to the 
economic structure in Taiwan • 
• 
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